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We onsider a modiation of the Berry Conjeture for eigenmode statistis in wave-bearing
systems. The eigenmode orrelator is onjetured to be proportional to the imaginary part of
the Green's funtion. The generalization is appliable not only to salar waves in the interior of
homogeneous isotropi systems where the orrelator is a Bessel funtion, but to arbitrary points of
heterogeneous systems as well. In view of reent experimental measurements, expressions for the
intensity orrelator in haoti plates are derived.
In 1977 Berry onjetured that the higher eigenmodes
of a ray-haoti Hamiltonian, in partiular, a billiard,
should be statistially indistinguishable from a superposi-
tion of plane standing waves of all diretions, with unor-
related amplitudes and phases [1℄; the idea is also found
in [2℄. One immediate onsequene is that the modes are
Gaussian random funtions, with orrelations given by
〈
u(n) (x)u(m) (x+ r)
〉
= A2δnmJ0 (kr) ,
where brakets 〈·〉 represent spatial average over posi-
tion x, A is an unimportant normalization fator, r =
|r| is a separation distane, and k is the wavenum-
ber that appears in the governing Helmholtz equation,(
∇2 + k2
)
u(n) (x) = 0. Another immediate onsequene
is that the intensity orrelator is
〈
u(n) (x)
2
u(n) (x+ r)
2
〉
= A4
[
1 + 2J20 (kr)
]
. (1)
Berry established the onjeture for an asymptoti
regime in whih wavelengths are muh less than system
size. It is only approximate at nite wavelength, i.e, in
pratie. The onjeture has been shown to be inor-
ret at nite wavelength, inasmuh as many modes show
evidene of sarring [3℄, existene of whih may be un-
derstood in the light of the quantum equidistribution
theorem put forth by Shnirelman [4℄. The onjeture
is manifestly inorret if attention is restrited to points
near a boundary where, loally, plane waves are orre-
lated with their reetions. Nevertheless, numerial and
experimental evidene shows that it is widely satised
[5℄, and referenes in [6℄.
Reent measurements on elasti waves in plates have
underlined the inadequay of the onjeture, as stated,
for systems more ompliated than the salar billiard [7℄.
Three dimensional mirowave billiards (or merely thik
quasi 2D billiards) for whih the eletri eld satises a
vetor wave equation, and elasti wave systems in gen-
eral, require a statement about the orrelations of the
vetor-valued eigenmodes [8℄. Even in salar wave sys-
tems, if they are inhomogeneous, or if interest inludes
∗
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points near boundaries, the onjeture needs modia-
tion. It is not suient to extend the onjeture by
expressing the modes as unorrelated superpositions of
plane waves of all wave types, as their relative ampli-
tudes remain unspeied. In those reent measurements
on elasti waves in plates, the intensity orrelator did
not satisfy (1). This note is intended to provide the ap-
propriate generalization of Berry's onjeture needed for
experiments in wave-bearing systems more omplex than
salar billiards.
We begin with an identity, written in the form it takes
for a tensor Green's funtion appropriate for a vetor
wave equation,
G (x1,x2, ω) =
∑
n
u(n) (x1)⊗ u
(n) (x2)
ω2n − (ω + ıε)
2 , (2)
as a modal sum over the normalized real modes with
eigenfrequenies ωn. The imaginary part of this Green's
dyadi is [9℄
ℑG (x1,x2, ω) =
pi
2ω
∑
n
u(n) (x1)⊗ u
(n) (x2) δ (ω − ωn) .
This may be averaged, either over a short range in fre-
queny, or over an ensemble of systems that dier from
the system of interest only at positions far from the
losely spaed points x1 and x2. In either ase G is
largely unaeted. The right side beomes the orre-
sponding modal orrelator. It is seen to be in general not
J0, but rather ℑG. It is not a spatial average, as alled
for by the Berry onjeture, but rather a frequeny or
ensemble average.
Thus we are led to a generalized Berry onjeture.
Based upon the exat identity for ensemble or frequeny
averages, we onjeture that it is also true for spatial
averages at a xed mode. This redues to the Berry
onjeture for the simple ase of a salar wave. The on-
jeture about the orrelator is, as demonstrated above,
manifestly orret if what one means by the averaging is
a frequeny or ensemble average. The potentially more
problemati aspets lie in the supposition that this or-
relator may be found within spatial averages on a single
mode of a single sample from the ensemble, or for that
matter that the statistis are Gaussian.
2When this generalized Berry onjeture is applied to
the modes of an innite isotropi homogeneous 3D elas-
ti body, the modal orrelator is given by the Green's
funtion, G∞, satisfying Navier's equations [10℄:
(λ+ µ)∇ (∇ ·G∞) + µ∇2G∞ + ρω2G∞ = −Iδ3 (r) ,
with I being the identity tensor, λ and µ being elas-
ti Lamé onstants, and ρ representing material density.
The spatial Fourier transform of the solution is obtained
readily:
ρG∞ (q, ω) =
q⊗ q/ |q|
2
|q|2 c2l − (ω + ıε)
2 +
I− q⊗ q/ |q|
2
|q|2 c2t − (ω + ıε)
2 .
The rst term is the longitudinal part with wavespeed
cl, the seond is the transverse part with wavespeed ct.
On taking the imaginary part of the 3D inverse Fourier
transform, one nds
ℑG∞ ∝
∫
cos (q · r)
[
c−3l δ (|q| − ω/cl)q⊗ q/ |q|
2
+c−3t δ (|q| − ω/ct)
(
I− q⊗ q/ |q|
2
)]
d2Ωqdq.
It is seen that ℑG∞ is a superposition of plane waves of
the two types and of all diretions of propagation, with
relative strengths given by the inverse ubes of the wave
speeds, i.e. by equipartition [11℄.
If the frequeny averaging is over a suiently broad
band, then, even in a nite system, the orrelator redues
to that in the unbounded medium, ℑG∞. This is readily
established, as in [12℄, by reognizing that short time re-
sponses are independent of distant parts of a struture,
and that suiently short time responses are equivalent
to frequeny averaging over bands of suient width.
The theorem is readily generalized to the viinity of a
boundary, or a satterer. In these ases it is not diult
to show that the diuse eld-eld orrelator may be also
onstruted by superposing an equipartitioned set of un-
orrelated inident plane or inoming or standing waves
together with their oherent reetions and satterings.
For the speial ase of elasti waves near a free surfae,
this was explored in [13℄.
The Green's funtion is more ompliated in a plate, in
partiular if its thikness is omparable to a wavelength.
In the work reported by Shaadt et al. [7℄, an intensity
orrelator was onstruted by averages over spae and
over a small number of modes. Due to the good preser-
vation of up/down symmetry, all modes were either of
a purely exural (odd up/down parity) harater, or a
mixture of extensional and shear (even up/down parity).
Thus their orrelator should be the imaginary parts of
the partial Green's funtions. Exept for the eets of
nonzero thikness to wavelength ratio, these modes have
displaements that are purely out-of-plane or purely in-
plane respetively.
Modes whih are antisymmetri on reetion about the
mid-plane, sometimes alled exural, are un-oupled to
the others; at frequenies below the rst uto (ω =
pict/2h, where h is the half-width of the plate) there is a
single wave number kf governing suh waves. Their in-
tensity orrelator must therefore be formed from a single
Bessel funtion J0 (kfr). This was in fat observed [7℄;
Shaadt et al. reported a good t to 1+2J20 (kfr). These
modes in fat have vetor valued elds, so the orrelator
is tehnially a tensor. The measured orrelator is a on-
tration of that tensor with the (unknown) polarization
vetor pˆ of the detetor. Given a eld (an eigenmode)
ψ (x) they onstruted an 'intensity orrelator'
I (r) =
〈
[pˆ · ψ (x)]
2
[pˆ · ψ (x+ r)]
2
〉 / 〈
[pˆ · ψ (x)]
2
〉2
,
where the overbar indiates additional average over the
diretion of the vetor r. We presume that the detetor
polarization pˆ is held xed during this averaging. Inas-
muh as u is a Gaussian proess, the above fourth order
statisti redues to the sum of three produts of two se-
ond order statistis. In terms of the generalized Berry
onjeture the orrelator is rewritten as
I (r) = 1+2〈pˆ · ℑG (x,x+ r) · pˆ〉
2 /
〈pˆ · ℑG (x,x) · pˆ〉
2
.
(3)
For the surfae of a plate in exure, even far from the
edges, suh that G ≈ G∞, the Green's funtion is not as
simple as might have been hoped,
ℑG∞ (r) ∝xˆ1 ⊗ xˆ1ν
2 [J0 (kfr) − J2 (kfr)] /2
+xˆ2 ⊗ xˆ2ν
2 [J0 (kfr) + J2 (kfr)] /2
+ (xˆ1 ⊗ xˆ3 − xˆ3 ⊗ xˆ1) νJ1 (kfr)
+xˆ3 ⊗ xˆ3J0 (kf r) .
Unit vetors xˆ1 and xˆ2 lie in the mid-plane of the plate,
with xˆ1 taken in the diretion of r, and xˆ3 is normal to the
plane and pointing towards the surfae at hand. Fator
ν represents a degree of in-plane surfae motion assoi-
ated with suh waves, and vanishes at long wavelength.
The orrelator I is not only dependent upon separation
distane r, but also upon the angle between polarization
of the detetor pˆ and the separation vetor diretion r/r.
By averaging over the diretion of vetor r, for a single
exural mode, one nds (see Appendix)
I (r) = 1 + 2
J20 (kfr)
(
1 + ν2ρ2/2
)2
+ J22 (kfr) ν
4ρ4/8
(1 + ν2ρ2/2)
2 ,
(4)
with ρ2 =
(
p2x + p
2
y
)
/p2z. The orrelator is plotted in
Figure 1 for a number of values of νρ.
32 4 6 8 10 12
kfr
1.5
2
2.5
3
I
HcL
HbL
HaL
Figure 1: Intensity orrelator of a single exural mode for νρ
equal (a) 0, (b) 2, and () ∞.
It is equal to 3 at zero separation, r = 0, as de-
manded by Gaussian mode statistis, and is higher than
1 + 2J20 (kfr) for non-zero values of νρ, with the most
pronouned dierene observed near the rst minimum.
At realisti values of νρ (Shaadt et al. estimate
ρ ∼ 0.33; we alulate ν = −0.68 at the relevant frequen-
ies), the eet is small, and diult to resolve within
the data's preision. The sole anomaly in the data is
the best-t value of the relative variane at zero separa-
tion: 2.93± 0.05, an anomaly with only small statistial
signiane. Suh a value annot be explained with the
urrent theory; indeed the basi assumption of Gaussian
statistis demands that this quantity be 3. However, if
the quantity 2.93 is understood as the ratio between the
relative variane at zero separation and at the rst min-
imum, then the urrent theory an explain the anomaly,
by alling for |νρ| = 1.06.
The data's preision does not support any more de-
tailed omparisons. This is also the ase with the in-
plane modes. Modes whih have even up/down parity
onsist of an equipartitioned diuse mixture of longitudi-
nal waves with wavenumber kl (whih have both in-plane
and, due to Poisson eet, out-of-plane omponents of
displaement), and in-plane horizontally polarized shear
waves with wavenumber ksh. These waves mode on-
vert to one and other at the plate boundaries. Thus the
relevant Green's tensor has two wavenumbers, and one
antiipates strutures like those seen in Figs. 4 and 5
of Shaadt et al. However, as in the exural ase, one
does not expet to see simple Bessel funtions J0, but
rather also terms in J1 and J2. The relative amplitudes
of these several terms are not obvious a priori but ould
be predited by the present theory. An attempt to t
their data to the present theory is probably unwarranted
at this time. A revisit to strutures like theirs, but with
a well haraterized detetor of known polarization, may
be indiated.
In summary, we have advaned a modiation of Berry
Conjeture, appropriate for the eigenmode statistis of
wave-bearing systems. It is expeted to be relevant,
not only for elasti waves in homogeneous plates, but
in general statistial physis of waves in heterogeneous
and mode-onverting systems as well.
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Appendix A: MULTI-MODE INTENSITY
CORRELATOR IN A CHAOTIC PLATE
We start alulation of the full intensity orrelator by
rst onsidering the normal modes of the Rayleigh-Lamb
spetrum [10℄. The displaement vetor of these modes
4is given by
u =
[
U (x3)
(
k−1∇
)
+ xˆ3W (x3)
]
f (x1, x2) ,
with f satisfying a salar 2D Helmholtz equation:[
∇2 + k2
]
f (x1, x2) = 0. The displaement omponents
U and W are the solutions of a boundary-value ODE
in x3. With the vertial wavenumbers of longitudi-
nal and shear waves dened as α2 = ω2/c2l − k
2
, and
β2 = ω2/c2t − k
2
, one dedues the dispersion relation for
the odd and even up/down parity modes
tanβh
/
tanαh = −
[(
k2 − β2
)2 /
4αβk2
]±1
,
where +1 in the exponent orresponds to the odd parity
modes, and −1 to the even modes. The dispersion re-
lation gives the wavenumbers of the odd (kf ) and even
modes (kl) as multi-branhed impliit funtions of the
frequeny: k = kn (ω). Expressions for U and W of the
odd and even modes respetively are
U =2k3β sinβh sinαx3 −
(
k2 − β2
)
kβ sinαh sinβx3,
W =2k2αβ sinβh cosαx3 +
(
k2 − β2
)
k2 sinαh cos βx3;
U =2k3β cosβh cosαx3 −
(
k2 − β2
)
kβ cosαh cosβx3,
W =2k2αβ cosβh sinαx3 +
(
k2 − β2
)
k2 cosαh sinβx3.
By speifying a omplete set of solutions f in the plane
(for example, standing plane waves or standing ylindri-
al waves), we onstrut the modes of an innite plate.
Alternatively, we may speify a omplete set of propa-
gating waves f , in whih ase a omplex onjugate must
be inserted on the rst fator u in equation (2). These
modes are not the natural modes of a nite plate unless
the boundary onditions at the outer rim are partiularly
speial. They may nevertheless be used in a modal ex-
pansion of the Green's funtion if attention is onned
to early enough times (alternatively if a frequeny aver-
aging is done) as disussed above. The average of the
exat Green's funtion, G, an then be substituted by
the Green's funtion in the innite plate, G∞.
We onstrut a partial Green's funtion (2) of the
Rayleigh-Lamb spetrum, and nd its imaginary part,
ℑG∞αβ =
∑
n
[
anJ0 (knr) δαβ/2
+ bnJ2 (knr)
(
δαβ/2− rαrβ/r
2
)]
,
ℑG∞33 =
∑
n
cnJ0 (knr) , (A1)
ℑG∞α3 =−ℑG3α =
∑
n
dnJ1 (knr) rα/r.
The sum is taken over propagating, i.e. having real
kn, modes only. Greek indies span the in-plane
spae: α, β = {1, 2}. By means of the fator, νn =
U (h) /W (h) |k=kn(ω), we an write the modal ampli-
tudes, an = bn = cnν
2
n, and dn = cnνn, in terms of
the amplitude desribing out-of-plane displaement of the
plate surfae,
cn =
pi
4
∂k
∂ω
k
ω
W 2 (h)∫ +h
−h
[U2 (x3) +W 2 (x3)] dx3
∣∣∣∣
k=kn(ω)
.
The horizontal shear modes have displaements purely
in the plane of the plate:
u = V (x3)
(
k−1∇
)
× [xˆ3f (x1, x2)] ,
the dispersion relation for the shear wavenumbers (ksh)
being: k = kn (ω) =
√
(ω/ct)
2
− (pin/2h)
2
. Imaginary
part of the orresponding partial Green's funtion has
the same form as for the Rayleigh-Lamb modes (A1).
However, the modal amplitudes are now as follows, an =
−bn = (1 + δ0n) /4hc
2
t , and cn = dn = 0.
The full multi-mode tensor Green's funtion inludes
the modes of all (namely, odd and even parity Rayleigh-
Lamb, and horizontal shear) branhes required for its
short-time expansion at a given frequeny. The prop-
agating modes of these branhes ontribute to the full
intensity orrelator (3),
I (r) = 1 + 2
[∑
n
(
anρ
2/2 + cn
)
J0 (knr)
]2
+ [
∑
n bnJ2 (knr)]
2 ρ4/8
[
∑
n (anρ
2/2 + cn)]
2 .
The averages over diretions of the separation vetor r are arried out with the help of the following rules:
〈
rαrβ/r
2
〉
=δαβ/2,〈
rαrβrγrι/r
4
〉
=(δαβδγι + δαγδβι + δαιδβγ) /8
5In the speial ase that we have, the frequeny is suh
that there is only one odd (exural) mode, and the sum
is replaed with a single term, yielding orrelator (4).
The fator ν is omputed for the plate parameters of
Ref. [7℄ (thikness 3mm, Poisson ratio 0.33, transverse
wavespeed, ct = 3.1mm/µs), and exitation frequenies
432, 510, 513, 514 kHz, to be ν = −0.68.
